Abstract. In recent work, Andrews, Chan, and Kim extend a result of Garvan about even rank and crank moments of partitions to positive moments. In a similar fashion we extend a result of Mao about even rank moments of overpartitions. We investigate positive Dyson-rank, M 2 -rank, first residual crank, and second residual crank moments of overpartitions. In particular, we prove a conjecture of Mao which states that the positive Dyson-rank moments are larger than the positive M 2 -rank moments. We also prove some additional inequalities involving rank and crank moments of overpartitions, including an interlacing property.
Introduction and Statement of Results
The partition statistics rank and crank have been widely studied in partition theory. For a partition λ of a positive integer n, the rank of λ, denoted r(λ), is defined to be the largest part minus the number of parts. The definition of the crank of λ depends on ω(λ), which counts the number of 1's appearing in λ. The crank of λ, denoted c(λ), is the largest part of λ if ω(λ) = 0, and the number of parts which are larger than ω(λ), minus ω(λ), if ω(λ) > 0. Let N (m, n) count the number of partitions of n with rank m, and M (m, n) the number of partitions of n with crank m. These functions have the following nice symmetry properties [8] , [4] N (m, n) = N (−m, n) (1.1)
In [10] , Garvan studies the even moments of the rank and crank partition statistics. The k-th rank moment is defined by
and similarly the k-th crank moment is defined by
By (1.1) and (1.2), we see that N k (n) = M k (n) = 0 for odd k.
Interestingly, the number of smallest parts in the partitions of n can be expressed by a difference of the second crank and rank moments. Namely,
where spt(n) is the total number of appearances of the smallest part in each partition of n [1] . For example, we underline the smallest parts of the partitions of 4 to see that spt(4) = 10:
4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1.
Using symmetrized rank and crank moments as well as Bailey chains, Garvan [10] proves that for all positive integers n and k,
We note that in [7] , it is shown that the even rank and crank moments are asymptotically equivalent. In [2] , Andrews, Chan, and Kim define positive rank and crank moments,
They prove that for all positive integers n and k, M + k (n) > N + k (n). In particular, they find a combinatorial interpretation for M + k (n) − N + k (n) for all k. We note that when k is even, N k (n) = 2N + k (n) and M k (n) = 2M + k (n), hence the result of Andrews, Chan, and Kim generalizes Garvan's result. In addition, Bringmann and Mahlburg [6] show the positive rank and crank moments are asymptotically equivalent.
In [13] , Mao finds a result analogous to (1.3) in the overpartition setting. An overpartition of a positive integer n, is a partition of n where the first occurrence of a part may or may not be overlined. For example, 3, 3, 2 + 1, 2 + 1, 2 + 1, 2 + 1, 1 + 1 + 1, 1 + 1 + 1, are the overpartitions of 3. Mao compares two distinct ranks for overpartitions, the Dyson-rank and the M 2 -rank. The Dyson-rank, or D-rank, of an overpartition is the largest part minus the number of parts, which is the same definition as the rank of a partition. The M 2 -rank of an overpartition was introduced by Lovejoy [12] . Let λ o denote the subpartition of non-overlined odd parts of λ. The M 2 -rank of an overpartition λ, denoted M 2 (λ) is given by
where (λ) is the largest part, n(λ) is the number of parts, and χ(λ) = 1 if the largest part of λ is odd and not overlined and χ(λ) = 0 otherwise. For n ≥ 1, we let N (m, n) denote the number of overpartitions of n with D-rank m, and N 2(m, n) the number of overpartitions of n with M 2 -rank m. As in the partition setting, these functions have nice symmetry properties [11] , [12] 
In [13] , Mao employs techniques similar to Garvan to study even moments of these two overpartition statistics. The k-th D-rank and k-th M 2 -rank moments are defined by
Mao proves that for n ≥ 2 and k a positive integer,
Furthermore, Mao defines the positive k-th D-rank and M 2 -rank moments by
and conjectures that for n ≥ 2 and k a positive integer,
Our first result is that Mao's conjecture is true. Theorem 1.1. For positive integers k ≥ 1 and n ≥ 2, we have that
for even k, we see that Theorem 1.1 implies Mao's result for even moments.
Bringmann, Lovejoy, and Osburn introduced the first and second residual cranks of overpartitions in [5] . Let λ α be the subpartition of non-overlined parts of λ. The first residual crank of an overpartition λ, denoted rc 1 (λ), is defined by
Let λ e be the subpartition of non-overlined even parts of λ. The second residual crank of an overpartition of λdenoted rc 2 (λ), is defined by
For n > 1, we let M (m, n) denote the number of overpartitions of n with first residual crank m, and M 2(m, n) the number of overpartitions of n with second residual crank m. We note that we again have the symmetries [5] 
The k-th first and second residual crank moments are then defined by
In [5] , Bringmann, Lovejoy, and Osburn prove the following relationships between second moments of ranks and cranks for overpartitions:
where spt(n) is the total number of appearances of the smallest part in each overpartition of n and spt 2(n) is the total number of appearances of the smallest part in each overpartition of n, provided the smallest part is even.
We thus define the k-th positive first and second residual crank moments by
We also show that the positive residual crank moments satisfy an inequality in the k = 1 case. In addition, we find an interlacing between the positive overpartition rank and second residual crank moments.
For positive integers k ≥ 1 and n ≥ 2, we have that
We observe that Theorem 1.1 for k ≥ 2, follows from Theorem 1.3 and Theorem 1.4.
In the proofs of our main theorems, we first consider the cases when k = 1 to illustrate the techniques we are using. In Section 2 we present some preliminary material, and prove the 1st moment cases of Theorems 1.1 and 1.3 along with Theorem 1.2 in Section 3. In Section 4 we explore preliminaries for the general k-th moment cases. Proofs of Theorems 1.1, 1.3, and 1.4 are given in Section 5. We conclude in Section 6 with some further observations and conjectures.
Preliminaries for First Moment Cases
In order to prove Theorems 1.1 and 1.2 we consider the positive moment generating functions
Our primary goal in this section is to derive q-series representations for the 1st moment generating functions R + 1 (q), R2 + 1 (q), C + 1 (q) and C2 + 1 (q). We employ the following lemma, which provides a method for obtaining positive first moment generating functions associated to a sequence a(m, n) from two-variable generating functions for a(m, n).
Lemma 2.1. Let a(m, n) be a sequence defined for n ≥ 0, m ∈ Z such that a(m, 0) = 0 for all m ≥ 1. Let G(z, q) denote the two-variable generating function for a(m, n), H + k (n), the positive k-th moment, and G + k (q) the positive k-th moment generating function, i.e.,
Then, G + 1 (q) is the limit as z → 1 of the series comprised of those terms of z ∂ ∂z G(z, q) with positive powers of z.
We consider the sum were m ranges over only positive values,
and let z → 1. We obtain, since a(m, 0) = 0,
Remark. We note that in the proof of Lemma 2.1, forming the series consisting of terms of G(z, q) with nonnegative powers of z, and then applying z ∂ z∂ yields the same result as first applying z ∂ z∂ to G(z, q) and then forming the series of positive powers of z. We will use this fact in the proof of the next lemma.
We are now able to give q-series expressions for the 1st positive moment generating functions R + 1 (q), R2 + 1 (q), C + 1 (q), and C2 + 1 (q). Lemma 2.2. We have,
Proof. The D-rank and the M 2 -rank generating functions for overpartitions are defined by
In [11] and [12] , Lovejoy gives the following two-variable generating functions (see Proposition 1.1, and Theorem 1.2, respectively):
Using the fact that
Similarly by substituting 2n for n in (2.9), we have
Now consider the series obtained from those above by only allowing non-negative powers of z, i.e.,
Applying the operator z ∂ ∂z yields the two series
(1 + q n )(1 − q n z) 2 , and
Letting z → 1, we obtain by Lemma 2.1 Eqs. (2.5) and (2.6) as desired. The first and second residual crank generating functions for overpartitions are defined by
These can be written in terms of the two-variable generating function for the crank of a partition
Namely, (see [5] for example),
Andrews, Chan, and Kim [2] give the following 1st positive crank moment generating function for partitions,
Thus, in light of Lemma 2.1 we may obtain directly that
which gives (2.7) and (2.8) as desired.
We end this section with a useful observation which we employ in the proofs of our main theorems in Sections 3 and 5.
Lemma 2.3. Let f (q) be a series of the form
where a 1 , . . . , a n , b 1 , . . . , b m are positive integers, n, m ≥ 0, and
has non-negative power series coefficients.
Proof. This follows immediately, as each factor in (−q) ∞ /(q) ∞ has positive coefficients, and each factor in f (q) is canceled.
First Moment Proofs
Recall the k = 1 case of Theorem 1.1 states that for n ≥ 2,
Proof. Starting with (2.5), we may rewrite the series as
where the last equality is obtained by separating the n into odds and evens by letting n = 2j + 1 and n = 2j + 2 respectively, and reindexing by j. Starting with (2.6), we similarly obtain
Thus by Lemma 2.3 we see that R 3.1. Proof of Theorem 1.2. We recall that Theorem 1.2 states that for n ≥ 1,
Proof. By Lemma 2.2 we see that
Again we separate the n into odds and evens by letting n = 2j + 1 and n = 2j + 2 respectively, and reindex by j to obtain
Observing that ((2j + 2) 2 + (2j + 2))/2 = ((2j + 1) 2 + (2j + 1))/2 + (2j + 2), we have
Therefore, (3.1)
which has positive coefficients by Lemma 2.3. Thus M
3.2. k = 1 case of Theorem 1.3. Recall the k = 1 case of Theorem 1.3 states that for n ≥ 2,
This proof is particularly simple due to the fact that by Lemma 2.5, we notice R
Proof. Starting with (2.8), we again separate the n into odds and evens by letting n = 2j + 1 and n = 2j + 2 respectively, and reindex by j to obtain q 2(2j+2) ) .
We notice that
Therefore,
which has positive coefficients by Lemma 2.3. Thus N
Preliminaries for General Cases
In this section we get the desired generating functions for R
. We first give a straightforward generalization of Lemma 2.1. Lemma 4.1. Assume the notation in Lemma 2.1. Then,
where G + 1 (z, q) is the series comprised of those terms of z ∂ ∂z G(z, q) with positive powers of z.
Proof. As in the proof of Lemma 2.1,
Thus by our hypotheses on a(m, n),
Due to the repeated application of the operator z ∂ ∂z in Lemma 4.1, we need an additional lemma before we are able to get the generating functions we seek. The content of the following lemma is found in Section 5 of [2] .
where
is a polynomial of degree k − 1 with A k,m statisfying the recursive relation
Remark. We note (see [9] ) that the polynomials A k (t) for k ≥ 1, are Eulerian polynomials. The coefficients A k,m for 1 ≤ m ≤ k − 1, are Eulerian numbers and positive integers.
We are now able to compute the general positive moment generating functions.
Lemma 4.3. We have,
Proof. Applying Lemmas 4.1 and 4.2 to (2.10), we get that
Equations (4.2), (4.3), and (4.4) follow by a similar argument.
It will be useful for the general proofs in the next section to expand the q-series in Lemma 4.3. Multiplying the numerator and denominator of the summand in (4.1) by (1 + q n ) k , and writing 1
a t , and using the binomial theorem on
, and C2 + k (q) can be rewritten in a similar manner to obtain the following equations:
General Moment Proofs
In this section we prove Theorems 1.1, 1.3, and 1.4 in full generality. We note that for k ≥ 2, Theorem 1.1 follows from Theorems 1.3 and 1.4, so we will not include the direct proof here.
5.1.
Proof of Theorem 1.3. We recall that Theorem 1.3 states that for n ≥ 2,
Proof. By (4.5), by separating n into evens and odds again in terms of index j we have
(1 + q 2j+2 ) .
We now separate the i = 0 term from the first sum and the i = k term of the second sum to obtain
(1 + q 2j+2 ) ,
Similarly from (4.8), we separate n into evens and odds in terms of j.
. Let γ = (2j + 1)(2j + 2 + 2m + ) and δ = (2j + 2)(2j + 3 + 2m + ) for easier exposition. Then,
which has positive coefficients by Lemma 2.3. Similarly,
which again has positive coefficients by Lemma 2.3. Reindexing i in T 7 , we see that
.
By properties of binomial coefficients it can be verified that
Thus letting x = q (2j+1) in (5.1), we have
which has positive coefficients by Lemma 2.3. Finally, we have (1 + q 2n )(1 + q n ) 2 .
Let = (2j + 1) 2 + (2j + 1) + (2j + 1)(2m + 2 ) and ζ = (2j + 2) 2 + (2j + 2) + (2j + 2)(2m + 2 ), where again we reindex by odd and even n in terms of j. Then, (1 − q 4(2j+1) )(1 + q (2j+1) )(1 − q 4(2j+2) )(1 + q (2j+2) ) , where α j,m, = q (1 + 2q (2j+2) + 2q 2(2j+2) + 2q 3(2j+2) + q 4(2j+2) ) and β j,m, = q ζ (1 + 2q (2j+1) + 2q 2(2j+1) + 2q 3(2j+1) + q 4(2j+1) ). We first peel off the three terms when j = 0 and m + ≤ 1 to get
Concluding Remarks
We recall from Section 1 that Andrews, Chan, and Kim [2] proved that for all positive integers n and k, Recently it has been shown by Andrews, Chan, Kim, and Osburn [3] that this holds in the case when k = 1.
If shown for general k, then combined with the results from this paper it would imply full interlacing of the positive rank and crank moments of overpartitions (up to a few cases for small k and n),
